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ABSTRACT: We provide a classification of near-horizon geometries of supersymmetric,
asymptotically anti-de Sitter, black holes of five-dimensional U(1)3-gauged supergravity
which admit two rotational symmetries. We find three possibilities: a topologically spher-
ical horizon, an S' x S? horizon and a toroidal horizon. The near-horizon geometry of
the topologically spherical case turns out to be that of the most general known supersym-
metric, asymptotically anti-de Sitter, black hole of U(1)3-gauged supergravity. The other
two cases have constant scalars and only exist in particular regions of this moduli space —
in particular they do not exist within minimal gauged supergravity. We also find a solu-
tion corresponding to the near-horizon geometry of a three-charge supersymmetric black
ring held in equilibrium by a conical singularity; when lifted to type IIB supergravity this
solution can be made regular, resulting in a discrete family of warped AdS3 geometries.
Analogous results are presented in U(1)" gauged supergravity.
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10d near-horizon geometries

1. Introduction

Supersymmetric, asymptotically AdSs x S°, black holes have only been known for a few
years [[]-[]. Their relevance stems from the AdS/CFT correspondence [[j], which implies
such black holes should be dual to 1/16 BPS states of N’ = 4 SU(NN) Yang-Mills theory on
R x S3. Such states are, generically, specified by five quantum numbers: the SO(4) spins
J1, J2 and the SO(6) R-charges Q1, Q2, Q3. However, the most general known black hole of
this kind has a constraint relating these leaving only four independent conserved charges [H].
Indeed, this is the most general known regular,! asymptotically AdSs x S°, 1/16 BPS,

Here we allow for solutions regular on and outside an event horizon, which typically possess a singularity
behind the horizon and thus are not globally regular.



solution of type IIB supergravity. Therefore, before attempting to derive the Hawking-
Bekenstein entropy from a microscopic counting in the field theory, this discrepancy in the
number of 1/16 BPS states between the two dual pictures needs to be understood [f].

There are three ways this potential contradiction could get resolved. One possibility is
that we already know the most general black hole and due to finite coupling effects in the
CFT only a four parameter subset contribute to the O(N?) entropy at large N (see e.g. [[)-
A second possibility is that there is a sufficient number of asymptotically AdSs x S°, 1/16
BPS, solitons? to account for the missing states, although we note that no examples of
such solutions are known.? The final possibility, which we shall explore in this paper, is
that there is a more general family of black holes. This latter possibility can be realised in
a number of ways, raising the following questions:

1. The known solutions are all solutions to five dimensional gauged supergravity, which is
a consistent truncation of type IIB supergravity on S°;* do asymptotically AdSs x S°
black holes exist within type IIB that are truly ten dimensional? — i.e. depend on
the higher spherical harmonics on S°.

2. The known solutions are solutions to a truncation of the maximal 5d SO(6)-gauged
supergravity where one only keeps the maximal abelian subgroup U(1)? (with two
scalars). Are there 5d black holes with extra scalars and/or non-abelian gauge fields
turned on?

3. The known class of black holes possess topologically spherical horizons (in 5d lan-
guage); are there black holes with more exotic horizon topology, such as black rings?

4. Is there a more general black hole in the 5d U(1)® gauged supergravity than the
currently known one?

In this paper we will only be concerned with black hole solutions of 5d U(1)? gauged
supergravity® and therefore can only address questions 4 and 3 (partially). Black hole
uniqueness theorems have not been established for asymptotically AdS spacetimes, even
in four dimensions. Further, it is known that these theorems fail for asymptotically flat
spacetimes in five dimensions [J]. It is therefore unclear how many AdS; black hole solutions
one should expect to exist for given conserved charges.® However, we are concerned with

2By this we mean smooth, strictly stationary solutions — therefore horizonless.

3These would be analogues of the 1/2 BPS LLM geometries . However, even the 1/4 and 1/8 BPS
cases are far from being understood [E] We should also note that it is not clear that for given conserved
charges black holes and solitons should be counted on the same footing.

Tt is only known how to perform the reduction from the subsector of IIB which keeps the metric and
self-dual five form [@]

By this we mean minimal gauged supergravity coupled to two abelian vector multiplets.

SIn particular it is not clear whether they should be uniquely specified by their conserved charges, even
for the case of spherical topology. Indeed, if one assumes this is the case, then a non-extremal black hole
would be parameterised by 6 conserved charges: M, J1, J2, Q1,Q2, Q3. In general the BPS limit will reduce
the number of parameters of a black hole by two: this is because extremality and supersymmetry do not
lead to the same constraint. This leaves one with a 4 parameter black hole, presumably the one which is
already known [E]



supersymmetric solutions. There exist systematic methods that help one construct such
solutions [f}, fJ. Unfortunately, guesswork is still required (i.e. choice of a Kihler metric on
the base manifold), thus leaving the task of a full classification of supersymmetric AdS5
black holes out of reach for the moment.

Since supersymmetric black holes are extremal they admit a near-horizon limit. This
limit allows one to focus on a region in the neighbourhood of the horizon in such a way
that the limit is a solution to the same theory the black hole is. Thus a more modest goal
presents itself: a classification of the near-horizon geometries of asymptotically AdSs black
holes.

Recently, we performed such an analysis within minimal gauged supergravity [L[d] under
the assumption that the black hole admits two rotational symmetries. It was shown the
near-horizon geometry of an asymptotically AdSs supersymmetric black hole, admitting
two rotational symmetries must have a horizon of spherical topology and is given by the
near-horizon limit of the black holes of [[J]. In particular this ruled out the existence of
supersymmetric black rings with these symmetries.

The purpose of this paper is to generalise this analysis to the U(1)? gauged supergravity.
Qualitatively, our results differ to those we found in minimal supergravity. In U(1)? gauged
supergravity we find that the most general topologically spherical supersymmetric black
hole, with two rotational symmetries, is the near-horizon geometry of the solution found
in [{] (this result is analogous to the one in minimal supergravity). However, we find that
other topologies with these symmetries are also allowed: namely S' x S? and T3 . The
corresponding near-horizon solutions are AdSs x S? and AdS3 x T? respectively and must
have constant scalars.” These solutions only exist in a particular region of the scalar moduli
space which does not include the minimal theory. Further, the S x S? case is only a three
parameter family of solutions, whereas the near-horizon of the supersymmetric black ring in
ungauged supergravity [RI] is a four parameter family. Nevertheless this means we are not
able to rule out the existence of supersymmetric anti-de Sitter black rings in U(1)3-gauged
supergravity. However, we should emphasise, that the existence of a near-horizon geometry
does not imply that a corresponding black hole solution with prescribed asymptotics (i.e.
in our case global AdS5) exists.

The above three cases are the only possible regular near-horizon geometries with two
rotational symmetries. However as in our analysis of minimal supergravity [[LJ] we also
find a solution describing the near horizon of an unbalanced black ring supported by a
conical singularity. It consists of a warped product of AdSs and a singular S? and reduces
to the near-horizon of the black ring in ungauged supergravity. When lifted to type 11B
supergravity we show that this solution can be made regular, resulting in a discrete set of
regular warped AdS3; geometries.

This paper is organized as follows. In the section 2, we summarise the main results
of our analysis for U(1)? supergravity. The remainder of the paper will be dedicated to
the derivation of these results. We found it convenient to work in the more general U(1)"
gauged supergravity. In section 3 we derive the conditions imposed by supersymmetry and

"Such product geometries in U(1)3-gauged supergravity have in fact been noticed before [@]



the equations of motion in the near-horizon limit. In section 4 we determine all the possible
near-horizon geometries of a supersymmetric AdS black hole with U(1)? spatial isometry
(i.e. two rotational symmetries) and perform a detailed global analysis of these geometries.

We conclude with a Discussion. Some details of the analysis are given in the appendix.

2. Main results

In this section we explicitly state the main results of this paper. This section is intended
to be a self-contained account without derivations.

The action for the bosonic sector of five-dimensional U(1)3-gauged supergravity is:

3 3
1 1
5 2 In-1_ 1 n2 L 2l
1677G/d ( [R+4g§ (xh 2§ 2(0x7) 4§ F F]
=1 I=1 =1
—F'AF? A A3> (2.1)

where F! = dA’ and the scalars satisfy the constraint X'X2X? = 1 (g is the gauge
coupling). Note that minimal gauged supergravity is the following truncation of the above
theory: X! =1 and A’ = A. Consider a supersymmetric, asymptotically AdS, black hole
solution of the above theory with isometry group R x U(1) x U(1) (this corresponds to
time translational symmetries and spatial rotational symmetries). Spatial sections of the
horizon of such a black hole must be: topologically spherical, S! x S? or toroidal. Below
we list the most general near-horizon solutions corresponding to these cases.

Topologically spherical horizon. The near-horizon solution in this case is always non-
static. The main assumption of our analysis is that the solutions possess U(1)? rotational
symmetry. However, as is typical of rotating solutions in 5d, we find there is a special
case for which one has a symmetry enhancement of the rotational group to SU(2) x U(1).
Generically though we find one only® has the U(1)?. As a byproduct of our analysis we
have found efficient coordinate systems which describe these two cases separately.

The more symmetric and hence simplest case can be written as

A 2
ds?VH = _(A2 + g2X2)r2dv2 + 2dvdr + m(dqﬁ + cos 0dy) — gXrdv
1
+m(d02 + sin? Hde) (22)
gX1(X —2x71)
Al = AXTrdv — AT g2 (d¢ + cos 0dr)) (2.3)

where the scalars X! are constant and we have defined the constants:

X=Xx'+x?+x3
A= (X2 + (X2 +(X3)? —2X1x? —oXx1Xx3 —2X2X3,

In contrast, in the ungauged theory one must have SU(2) x U(1) rotational symmetry (this is the
near-horizon of the BMPV black hole) [@, E]



The solution is parameterized by the constants (X!, A) subject to the constraints A > 0
and A% 4+ g2\ > 0 (and of course X' X2X?3 = 1) and is therefore a three parameter family.
The coordinate ranges are: 0 < ¢ < 2w, 0 < ¢ < 4w, 0 < 0 < 7. The horizon is located at
r = 0 and on spatial sections is a homogeneously squashed S3. The near-horizon geometry
in this case is a homogeneous space and is a fibration of AdSs over the homogeneously
squashed S? with symmetry group SO(2,1) x SU(2) x U(1). This solution turns out to be
the near-horizon limit of the black holes found in ],9 which are characterised by J; = Js
and are special cases of the more general solution of [H].

The generic case is more complicated. In this case the near-horizon solution can be
written as:

A2
dsry = H(x)'? | -C?R%*dv® + 2dvdR + <02 - —0> (dac1 + w(z)dz? + Rdv)2

H(z)
H(x)'3da®  4g°H(2)'/P(x)(d2?)? 2.6
42 P(x) C?H(z)— A2 (2.6)
2)1/3 I
= f—f— ?zKl’ Al = ﬁ [Ao(Rdv + da') + (z — ag)dz?] (2.7)

where C?, ag, Ay, K; are constants such that C,Ag > 0 and K; + Ky + K3 = 0 and the
functions are defined by

Cc? A2
H(z) = (z+ 3K1)(z + 3K2)(x + 3K3), P(z)=H(x) — @(CE — a0)2 — C—g, (2.8)
Aolao — 2) (2.9)

“) = TG - AT
Due to a scaling symmetry of the solution it turns out one parameter is trivial (for instance
one can set C' to any desired value); therefore this is a 4-parameter family of solutions. The
coordinate ranges are 1 < x < x9 where 0 < x1 < z9 < x3 are the three roots of the cubic
P(z), such that z1 +3K; > 0, and the coordinates defined by 8/0¢; x w(x;)0/0x' —0/0x?
(1 = 1,2) are 2m-periodic. The horizon is located at R = 0 and spatial sections of this must
possess 53 topology with 9/0¢; vanishing at the pole x = x1 and 9/d¢, vanishing at the
pole © = x5 — these are the generators of the U(1)? rotational symmetries. In this case
the near-horizon solution is a fibration of AdSy over a (non-homogeneously) squashed S3
with an SO(2,1) x U(1)? symmetry group and is cohomogeneity-1. It turns out it is 1/2
BPS within U(1)3-gauged supergravity.!® This solution turns out to be the near-horizon
limit of the black holes found in [l which have J; # Js.

Therefore the most general near-horizon solution with a topologically spherical horizon
and two rotational symmetries, does in fact turn out to be the near-horizon limit of the
4-parameter black holes of [f]. The coordinates of that paper, while not allowing such
compact expressions as above, do in fact cover both of the above cases.

The SO(2,1) symmetry of the above near-horizon solutions is guaranteed from the
general results of [[[f].

9The near-horizon geometries of these black holes have been previously studied in [@7@]
10T his follows from the fact that it is related by an analytic continuation (of the form considered in [B])
to the Sabra-Klemm time machines [@]



S1 % S2 horizon. The near-horizon solution is static and takes the form:

1

ds% = 2dvdr — 2gXrdvdz + dz* + 92—)\(d92 + sin? §dyp?), (2.10)
1
Al = ==X (X = 2X) cos fdy)
g

where the scalars X’ are constants and X, A are the constants defined in (R.4) and (R.9).
The solution is parameterised by the constants (L, X'), where L is the period of z (which
can be arbitrary), subject to the constraints A > 0 (and of course X' X2X3 = 1) and
therefore is a three parameter family. Note that the constraint A > 0 can be satisfied by
VXT 4+ VX2 < VX3 (or permutations of 123) for example. Also observe that this solution
does not exist in minimal gauged supergravity because in this case X! = 1 and therefore
A = —3. The near-horizon geometry in this case is AdSs x S2. The horizon is located at
r = 0 and spatial sections are S' x S? equipped with a direct product metric with a round

S2. This solution is 1/2 BPS [Rq].
Toroidal horizon. The near-horizon solution is static and given by

XI
ds?\;H = 2dvdr — 2gXrdvdz + dz? + dx® + dyQ, Al = 94~

(X —2XT)(zdy — ydx) (2.11)
where the scalars X' are constants which satisfy A = 0, and X, \ are defined by (R.4)
and (2:§). This can be achieved by taking v X! 4+ v X2 = VX3 (or permutations of 123)
for example. This solution is not allowed in minimal gauged supergravity. The near-horizon
geometry in this case is AdS3 x T2. The horizon is at » = 0 and spatial sections are of
toroidal topology equipped with a flat metric. This solution is 1/2 BPS [R{].

The above three cases are the only possible regular near-horizon geometries with two
rotational symmetries. Therefore, in particular, if an anti-de Sitter black ring with two
rotational symmetries exists in this theory, it must have the near-horizon geometry given
by (B.I0). We will consider this possibility in the Discussion.

Curiously, though, within our analysis we did find another S! x S? case, where the
S? necessarily possesses a conical singularity at one of its poles. The solution in this case
is locally given by the Ag — 0 limit of the topologically spherical case (2.§) and is also
a four parameter family (despite losing the parameter Ay one aquires a fourth parameter
from the period of the S'). Note that the g — 0 limit of this solution reduces to the non-
singular four-parameter near-horizon geometry of the asymptotically flat supersymmetric
black ring of ungauged supergravity, AdSs x S? [R1]. This could therefore correspond
to the near-horizon limit of an unbalanced supersymmetric anti-de Sitter black ring. For
g > 0 this singular near-horizon geometry can in fact be made regular when oxidised to
IIB supergravity; however the resulting geometry can no longer be viewed as a solution of
5d supergravity.

This completes the list of all possible near-horizon limits of supersymmetric Ad.Ss black
holes with symmetry R x U(1) x U(1), in U(1)3-gauged supergravity. In the subsequent
sections we perform a systematic analysis where we prove these are the only possibilities.



We actually found it convenient to work in the more general U(1)" supergravity and thus
we have obtained analogues of the above results in this theory.

3. Supersymmetric near-horizon geometries

3.1 Gauged supergravity

We shall consider the theory of five dimensional N' = 1 gauged supergravity coupled to
n — 1 abelian vector multiplets following the conventions of [J]. The bosonic sector of this
theory consists of the graviton, n vectors Al and n — 1 real scalars. The latter can be

replaced with n real scalars X! subject to a constraint

1
ECUKXIXJXK =1, (3.1)
where Cyjx are a set of real constants symmetric under permutations of (IJK). Indices
I,J,K,... run from 1 to n. It is convenient to define
1
X]E EC]JKXJXK. (32)

The action is!!

1 1
S = e / <R5*1—Q1 JFIAXF7—Qpd X! /\*dXJ—ECI sk FIANFY /\AK+2X2V*1>, (3.3)
Y

where FI = dA! and 9

QIJE§

For simplicity, we shall assume that the scalars parameterize a symmetric space, which is

1
XX — 501 s X¥. (3.4)

equivalent to the condition

’ ’ 4
C[JKCJ/(LMCPQ)K/(SJJ (5KK - gél(LCMPQ) (35)

This condition ensures that the matrix ()7 is invertible, with inverse

QY =2xTx7 —6CTE Xy, (3.6)
where
CIJK = C[JK. (37)
We then have 9
X' = §CUKXJXK. (3.8)
The scalar potential is
V =210 BV vV X (3.9)

where V; are a set of constants. Without loss of generality we will assume X', V7 > 0 and
Crix > 0,50V > 0. It was shown in [f] that the unique maximally supersymmetric solution

We use a positive signature metric.



of this theory is AdSs with vanishing vectors and constant scalars given by X; = X; = V; /¢,
where &3 = %CIJK‘/[VJVK, with the radius of AdSs given by ¢g=! = (£x)~!. The above
theory can be consistently truncated to minimal gauged supergravity as follows: Al = X1 A
and X! = X1

In this paper, we are interested in a particular U(1)? gauged supergravity that arises
upon compactification of Type IIB supergravity on S°. In the above language, this theory
has n = 3, Cryjx = 1 if (IJK) is a permutation of (123) and Crjx = 0 otherwise, and
X' =1 (so X; =1/3). In this case the action reduces to (R.1]).

Supersymmetric solutions. The general nature of supersymmetric solutions of this
theory was deduced in [J] following closely the corresponding analysis for the minimal
theory given in [J). We will briefly summarise some of the results of this analysis. Given a
supercovariantly constant spinor €, one can construct a real scalar f ~ €ec and a real vector
VH ~ éyte and three real two forms wa ~ €yuv€ Where i = 1,2,3. These obey V2= —f2
so V is timelike or null, and it turns out that V is always Killing. Also note:

dJ" = 3xe"IVy (AT A J7 + X7 x5 ) (3.10)

which we will need later. There are two cases: a “null” case, in which V is globally null and
a “timelike” case in which V is timelike in some region U of spacetime. The former case
was treated in [, [[7] and does not concern us here because such solutions cannot describe
black holes.

In the timelike case, we can, without loss of generality, assume that f > 0 in U, and
introduce local coordinates so that the metric takes the form

ds? = —f2(dt + w)* + f hppnda™dz™, (3.11)

with V' = 0/0t, hpyy, is a metric on a 4-dimensional Riemannian “base space” B and w a
1-form on B. We choose the orientation on B so that (dt +w) A ny4 is positively oriented in
space-time, where 74 is the volume form on B. Fierz identities imply the J’ are anti-self
dual two-forms defined on B that satisfy the algebra of the unit quaternions — hence B
admits an almost hyper-Kéhler structure. Supersymmetry then implies that the base space
is Kéahler with Kéhler form J'. Necessary and sufficient conditions for the existence of a
supercovariantly constant spinor, in the timelike class, are derived in [f] and all take the
form of equations defined on B. We will not record all those conditions here, however we
note that supersymmetry implies [g]

Fl=d[X'f(dt+w)] +0" —oxf RV, X Jt, (3.12)

and

2
X0l = —§G+, (3.13)
where O are self-dual 2-forms on B and

G* = %f (dw + H4dw) (3.14)



where %4 is the Hodge dual on B. The field equations of the theory are all satisfied once
we impose the equations of motion for the Maxwell fields [, i.e., the Bianchi identities

dr! =0, (3.15)
and the Maxwell equations,
1
d(Q[J*FJ):—ZC[JKFJ/\FK. (3.16)

One can substitute the expression (B.12) into the Maxwell equation to obtain an equation

on B:

1
d %4 d(f_lX]) = —EC]JK@J A OK + QXVIf_lG_ A JE
+6X2f2(QrsCTMNV Vv + ViX V). (3.17)

3.2 Near-horizon geometries

We are interested in classifying the near horizon geometries of supersymmetric black hole
solutions of the above theory. The strategy is to introduce coordinates adapted to the
presence of a Killing horizon, and then examine the conditions imposed by supersymmetry
and the field equations in the near horizon limit, which we make precise below.

Following the reasoning of [[[4, [l], the line element of a supersymmetric black hole may
be written in Gaussian null coordinates (v, r,x®):

ds® = —r?A(r,z)?dv? + 2dvdr + 2rhe(r, z)dvdz® + v (r, ) dzdz®, (3.18)

with the horizon located at » = 0. The supersymmetric Killing vector is V' = 9/0v and
for 7 > 0 (the exterior of the black hole) is timelike, so f = rA and thus A > 0 for r > 0
(although we will allow for A = 0 at » = 0). Spatial cross sections of the horizon are given
by r = 0 and v = constant: this defines a three-manifold, which we denote by H, with
coordinates z%. Since we are interested in black hole near-horizon geometries, ultimately
we will require H to be compact. The near-horizon limit is defined by r — er and v — v/e
and € — 0. After this limit is taken, the functions A, h,, 7. in the line element (B.13)
depend only on z® (the coordinates on H). As in [, first we will proceed by evaluating all
equations as a power series in r and take the near-horizon limit at the end of this section.
Let the volume form 73 of v, be chosen so that the spacetime volume form n = dv Adr Ans
has positive orientation. Following [} we work in a gauge where iy AT = fX!. We can
then write

Al = rAX1dv + Aldr + aldz®. (3.19)

Note that AL does not survive the near-horizon limit. The two forms .J? may be written

as ([[4]

J=drNZ' 4+ r(hANZ'— Axz ZY) (3.20)

where *3 is the Hodge dual with respect to 7., and the one-forms Z! = Z!dxz® satisfy
AR %eiijj A ZF | ie. they are orthonormal with respect to 7,,. Substituting (B.20)



into (B.10]) yields
dZ' = hANZ' = Axs Z' + 10, (WA Z' — A *3 Z7)
+3xe1; Vi [X x5 Z7 +a' NZT —r AL(W N Z7 — A wy Z7)] (3.21)
and
x3dh = Ah+ dA + 1 x3 (h A 3h) — (0. A)h 4 2r A h + 1 A€, 2427, 0, 2%)
+6AXV (XT +rAAl) 21 (3.22)

where d is the exterior derivative on H [l]. These equations closely resemble the minimal
gauged case [, the main difference being the presence of the scalar fields. To leading order
in r the expressions become:

dZ'=hANZ' — Ax3 Z'+ 3xer;jVi [X %3 Z7 + ol A Z7] + O(r) (3.23)

and
*3 dh = Ah + dA + 6xAVIXTZ + O(r). (3.24)
For 7 > 0, w can be defined by iyw = 0 and dw = —d(f~2V) so in this coordinate system,
dr h

W=—93 T AL (3.25)
We next compute!?
Gt = % (fdw + iy x5 dw), (3.26)
which gives
Gt =drAG+r(hAG+ Ax3G) (3.27)
where
G = —ijAQ + 3(2’”AA2)}L — ?fgh — %e,jkzazj,arzﬂ — ?’i‘—XI (X7 +ArAl] Z'. (3.28)

We now turn to the determination of the Maxwell fields (B.19). Following [[[§] write
of = —%Xfcﬁ + Nt (3.29)
where X;NT = 0 and since N7 is self dual on the base it can be written as
N =dr AT+ r(h AT+ A s TT) (3.30)
for some T! = T!dz®. Substituting into (B.13), we find
Fl = [ar(TAXI)dT’ + TJ(AXI)} Adv+dr AQY +rh A QT

) . .
+rAx3 T — X ss h — r X1 53 8,0 — ngIA x3 Z'eiji (29,0, 2%)
+xVyx3 Z [9CT K X —AXT (X7 +rAA])] (3.31)

2Note that iy *5 Ap = f”_1 *4 Ap for a p-form on the base manifold

,10,



where

dx!  o9,X'h 1 . A
Q' =5 ——a t3X Zenl?,0,28) + T
"

1
+—xVs 2XT(X7 +rAA]) —9CT KXy ] 21 (3.32)

Note that since we require F! to be regular on the horizon, then so must Q! be.'® Reading
off the the 2% components of F! we get:

~

dal = rh A QT + 1A x3 QT —x3d X! + 18, X %3 h — rAX ey %3 Z1(27,0,2%)
~ XT3 h =7 XT3 0,8+ 6xVy [3CT7E X e — X (X7 +rAA])] %3 Z°
= — w3 dXT — X sg b+ 6xV;(3CTE X e — XTXT) %3 Z1 4+ O(r) (3.33)

where the last equality follows from regularity of Q' at r = 0. The Bianchi identity

contracted with X; implies
7 2 IvI TvJ Kj 1 TIv K 1
dx*3 h + gQUdX A*x3dX? + 2xVg XV dx3 Z* + AxVdX™ ANx3Z* = O(r). (3.34)

In the ungauged case, x = 0 and therefore integrating (B.34) over H leads to dx! = ,
since Qr is a positive definite metric on the scalar manifold [[[§]. However, in the gauged
theory this conclusion cannot be drawn and indeed we will find explicit solutions where
the scalars are not constant on H.

We next turn to the computation of the spin connection of v, using (B.21)), which
allows us to deduce

. A . . . . .
VaZi = ——=x3ZYap+Yap(h- Z'+3XVIX6}) — Zihy — 3XVi X' ZL Z} + 3xVial eri; 7] + O (r).

2
(3.35)
where V is the connection of v,,. From (B.35) it is easy to deduce that
*3dx3 Z' =V Z® = 2h - Z' + 6xVi X168 + 3xVrerja’ - Z7 + O(r). (3.36)
Finally, we can determine the Ricci tensor Ry, of 74p, using
Ry Z® =V Vo 2Z? —V,V, 2%, (3.37)

After an involved calculation, we find:

A? 2 . .
Rap = <7+h2+4XvJXJ h - Zl+§Q1 sdXxt.dx’ +4XVJZlcacXI—|—2X2[6(VIXI)2—V]>*yab

—V (ahty = hahy,—6x VI X! h(azg)—6XVIaX{aZ,})—2XQZ;Z,} (O(ViX")2=V)+0O(r).
(3.38)

13Tn minimal gauged supergravity it was found that the Maxwell field was automatically regular on the
horizon [ﬂ] With extra vector multiplets though, it seems we need this as an extra (reasonable) assumption
— this was also found in the ungauged theory @] Note, however, X;F! is automatically regular.
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Note that all gauge dependent terms cancel, as they must. Our final task is to examine
the Maxwell equation (B.17). We find that as in the minimal theory this imposes no new
constraints. More precisely we find that the Maxwell equation leads to a second order
equation for the scalars which can also be derived by taking the d-derivative of (B-39) and
using (B-34) and (B.36). There are no further conditions imposed by supersymmetry or the
field equations.

We are interested in determining near-horizon solutions. Accordingly, as discussed in
the beginning of this section, we shall henceforth work strictly in the near-horizon limit.
This amounts to dropping all O(r) terms in the equations derived above and setting r = 0
in all other quantities. Therefore all equations are now defined purely on H and from now
one we will denote the exterior derivative on H simply d.

3.3 Some general results

We have not been able to solve the near-horizon equations derived in the previous section in
full generality. Indeed, it is not even known how to solve the near-horizon equations in full
generality in minimal gauged supergravity [, [[J]. However, much like in the minimal case
we have obtained some general results which allow one to classify near-horizon geometries
into two classes: static (VAdV = 0) or non-static. The following lemmas provide conditions
for this:

Lemma 1. The following conditions are equivalent: (a) VAdV =0, (b) dh =0, (c) A =0.

Proof. Assume (a). The rab components of V' A dV = 0 give dh = 0 so (a) implies (b).
Now assume (b). If A is nonzero then equation (B.24) can be solved for Z! which leads to
ZY AN dZ' = 0. Then equation (B-23) implies Z LA x3Z' = 0 which contradicts Z! having
unit norm. Therefore (b) implies (¢). Finally assume (c). Equation (B.24) implies dh = 0.
But A =0 and dh = 0 implies V A dV = 0. Therefore (c) implies (a).

Lemma 2. If A vanishes at a point then A vanishes everywhere.
Proof. Taking the divergence of (B.24) and using (B.34) and (B.35) gives:

VA = — (h+6xViX'Z") - VA

2
+ 3@ X1 0x7 — o vioXT - 2t — 8\ ViXI(h- Z' 4+ 3xViXT)| A (3.39)

and therefore one sees that this equation for A is of the same form as in the minimal case.
This allows one to repeat the argument used in [[I(] to prove that if A vanishes at p then
all derivatives of A at p also vanish. Hence by analycity we deduce that A = 0.

We should point out that lemma 2 will not be used to derive any of the results in this
paper and thus in particular we will not need to assume analycity on the horizon.

3.3.1 A special case

There is a special case in which the near-horizon equations can be solved, without the
assumption of rotational symmetries. This case is specified by: h Killing, A = constant
(possibly zero), X! = constant and h = —3xV; X! Z!. It is not obvious that these condi-
tions are consistent, however it turns out they are. These conditions will arise later in our
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analysis of U(1)2-invariant near-horizon solutions and are the analogues of the assumptions
made in the analysis for minimal gauged supergravity [i]. The steps turn out to parallel
the minimal case [f[] very closely. Define W = Z2 +iZ3. In general, with no assumptions,

equation (B.23) implies:
dW = [h+ 3xViXT —iAZ' = 3xiVia'| AW (3.40)

and thus W A dW = 0. Therefore locally we can write W = /2Fdw for some complex
functions F' and w on H. Although w is gauge invariant, F' is not and we choose to work in a
gauge where F is real. As in [l], we can define real coordinates (x,y, 2) by w = (z+iy)/v/2
and Z! = 3/0z. The metric in these coordinates reads:

ds3 = (dz + a)? + 2F%dwdw (3.41)

where o = q,dw+agdw is a real one-form. So far we have not used any of our assumptions.
From the assumptions it follows that Z! is Killing and thus « and F are independent of z.
From the equation for dZ! (B.2J) it follows that:

Dt — Opry = —iAF? (3.42)

just like in the minimal case. Thus we have determined « in terms of F' (up to a gradient
which can be absorbed into the definition of z). Equation (B-40) can be solved for V;a! to
get:

A ) OwF OgF
I 1 w (i} _
V =—27Z — — | — - — 4
IQ 3y 3y ( o dw 7 dw) (3 3)
and substituting this into () gives:

DOy log F? = (2X2V — 9X2(V1X 1)2 - AQ) F? (3.44)

which is Liouville’s equation. There are three cases to consider depending on whether the
r.h.s. is positive, zero or negative. Define g?A = —2x2V + 9x2(V7X!)2. Importantly,
can be positive, negative or vanish, depending on the values of the scalars. Note that
in minimal supergravity A = —3; we will see that it is possible to get some qualitatively
different geometries by taking A > 0 which have no counterpart in the minimal case. First
let us deduce some conditions for which A > 0. For simplicity work in U(1)? supergravity

in which case:'*

AMXY X2 X3) = 22X X% 4+ X2X3 4+ X1X3) + (X% 4 (X2 + (XP)2 (3.45)

It has the property that if vV X!+ v X2 <+ X3 (or permutations of (123)) then A > 0.
One can repeat the steps of [[]] to get:

1. A% = —g?) which is only possible for scalars satisfying A < 0. In this case Liouville’s
equation reduces to the wave equation. By a holomorphic change of coordinates it

In the QFT literature this is known as the Killen function.
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iy 27)‘ (ydz — xdy), so the

ﬁ

is then possible to set F' =1 and in these coordinates a =
horizon becomes:

2

V=2
ds3 = <dz + g 5 (ydx — xdy)) + da? + dy? (3.46)
which for A < 0 is the homogeneous metric on Nil and generalises the solution found
in the minimal case [ff]. However we can also take A = 0 now, in which case the
horizon is locally isometric to R3. This solution has no counterpart in minimal

gauged supergravity.

2. A? < —¢?X which is only possible for A < 0. Liouville’s equation can be solved,

and then a holomorphic change of coordinates leads to F? = —m and a =
—(gg/ﬁidzg)x. The geometry is the homogeneous metric on SL(2, R):
A dy 2 1 dz? + dy?
2 _
5= (oo oy )t (T ) 649

Note that A = 0 is allowed in this case: this corresponds to the horizon being locally
isometric to R x H?.

3. A% > —g?)\ which is possible for any A. After a homomorphic change of coordinates
we have:

F? =

& o=- 2 w90 (3.48)
(AZ + g2X\) (1 + ww)?’ A2+ 2Nl tww) \w  w ) T
Now introduce real coordinates via w = tan(#/2)e™¥. For A > 0 one can write:

1 A?
AQ _|_g2)\ A2 _|_g2)\

ds3 = (dep + cos Odip)? + db? + sin? edwﬂ (3.49)
where z = A¢/(A%+g¢?)\). This is the homogeneous geometry of a squashed S3. The
full near-horizon geometry is that of the black hole solutions found in [F].'> One can
also have A = 0 when A > 0; this gives:

1
ds3 = dz* + gQ—A(da2 + sin? 0d¢?) (3.50)
which is locally isometric to R x S2. This solution has no counterpart in minimal
supergravity.

This analysis has been purely local. We are mainly interested in a compact horizon H. It
is easy to see that the A = 0 case of 1 above gives a T2 horizon, whereas the A = 0 case of
3 gives an S! x S? horizon.

5The near-horizon limit of their solution is parameterized by three independent constants called g,
which are related to our parameters by qr = 4X7/(A? + g%\).
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4. U(1)?-invariant near-horizon geometries

Consider an asymptotically AdSs black hole admitting two rotational symmetries m; and
mo. The near-horizon solution will inherit these symmetries. Therefore we are interested
in classifying all near-horizon solutions for which there are two commuting Killing fields
m1 and mg on H that preserve h, A, the Maxwell fields F! and the scalars X 7.

Under these conditions a welcome simplification occurs for the Maxwell fields. A
standard argument, which uses the Bianchi identity for F as well as the fact that the Lie
derivatives of F'! along the Killing fields vanish, tells us that F lﬂ,m’f m4 is a constant. Since
we are looking for solutions which are asymptotically globally AdSs5, both Killing fields
vanish at a (different) point. Therefore F, Jym‘f mb4 = 0. This condition is inherited in the
near-horizon limit.

We can choose local coordinates ¢ = (p, 2*) with /92! Killing, so that the metric on
H is:

Yab = dp* + 7ij(p)dz'da? (4.1)
and A, X! and the components of h and F! are functions only of p. We will allow 9/9x!
to be arbitrary linear combinations of m; and thus they need not have closed orbits. We
will enforce the fact that m; have closed orbits once we have determined the local form of

the solution.
We will define a positive function I'(p) and a one-form k;(p)dz® by:

.
h=T"'kdas' — o (4.2)

where a prime denotes a derivative with respect to p. The components of the Maxwell
fields on H can be written as:

1 .
§F0{bdma A dz® = Bl (p)dp A da (4.3)

where we have used the fact that Fzg = 0 argued above.
Taking the dual of equation (B.33) and using ({.3) leads to:

xo Bl = (X1 dp + X"h — 6xV;(3CT K X5 — XTX7) 2! (4.4)

where % denotes the Hodge star with respect to the two-dimensional metric 7;; (with
volume form 7 such that 73 = dp A n2). Contracting with X implies

1
Z'=——(xB-h 45
where for convenience we have defined B = X;B!. Now we can read off the p and i
components of (.4); the p component leads to

o1’ I1JK X T
XI/+—XI—9C VJ K_:

il 0 4.6
r VL XL r (4.6)
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whereas the i component leads to an expression for B! in terms of B. Contracting with V;

gives:
2V X! 1%
vix'y - =0. 47
Using ((.5) and (1), the pi component of equation (B.3§) simplifies considerably
leaving:
1. :
and hence
k' = 4" k; = constant. (4.9)

Next, using ({.5), equation (B.24) gives:

2AT
A+ T =0,

(T k) +2A % (k) = —3AB

—~

4.10)

—~

4.11)

where for a one form w;(p)dz® we defined w’ = w!(p)dz’. Hence

Ay
where Ag is a non-negative constant. Substituting ([.§) into (B.23) leads to:
/

I 'k AxB — x1 =0, (4.13)

1 A 1 I
—— (0B -T""%)| = —=(B+xl k) - ——=*x B. 4.14
Tt )| = Bl - e (414)

Now let us turn to equation (B.35). The pp component gives:

1 1N P/2 I (VIXI)/
h-ZY4+3\ViX = — — | = — — — =~ 4.15
XV QVIXI[P or? T VX! (4.15)

and the ¢j component gives:

I AT

There are two qualitatively distinct cases depending on whether I' is a constant or not.

Constant I' case. From equations ([.9) and ([.9) one can see that h must be Killing,
equation (f.10) implies A = constant and equation ([.6) implies X! = constant. Further
equations ([.1§) and (f.16) imply h = —3xV;X'Z!. This turns out to be a very similar
case to the one studied in the minimal case [fl] which can be solved without the assumption
of the U(1)? symmetry. This is the special case we solved in section B.3.1.

,16,



Non-constant I' case. In the minimal theory we found that I' was a more convenient
coordinate than p on H [[L(]. Due to the presence of the scalar fields and scalar potential we
will see that a better coordinate emerges, although I' will still be useful. We first address
solving the scalar equation ([.§). From this one can deduce an equation for X7:

I’ v
X+ =X — v = 4.1
rt X ryxr =0 (4.17)
and therefore an equation for the scalar potential:
I’ 6£3T
"+ =V - =0. 4.1
V+FV TV, XZ 0 (4.18)
Now define the positive function x(p) by:
INY

The equation for the scalar potential can now be written as:

, &r’
= 4.2
T Vi X T ( 0)
We will find that the function x turns out to be a better coordinate that I" (observe that

x = I in the minimal limit). Indeed equation ([.7) may be written as:

%(PQVIXI ) = 26 (4.21)

which integrates to:
2vix! =g + ¢y (4.22)

where ¢ is some integration constant. Further, plugging (f.20) into (f.23) leads to a
differential equation relating the two coordinates x and I" which is easily integrated to:

I = H(z) = 2% 4+ 3c12 + ¢ (4.23)

where ¢y is an integration constant and thus from (£.23) we have determined V; X! as a
function of z. Equation ([.17) can be written as:
d Vi

S g By = A
o (H Xz)—5 (4.24)

which then integrates to:

X;=H(z)™'/? (% + K1> (4.25)

where K are integration constants. If one calculates )V from this expression for X; one
learns that C'/EV;V;K = 0. Further the constraint relating the scalars then tells us
that:

9 9
e = EC”KVIKJKK, co = §CUKK1KJKK. (4.26)
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Hence we have now fully determined the scalars in terms of x.

Since we are now assuming I' (and hence ) is not a constant, we can derive a number

of useful results from equations ([.15) and ({.16). Firstly ({.15) gives:

1 " I F/(VIXI), Ex dy

k-ZY = —— [T+ —= - = | -3V XT=2"2 4.27
k-2 =svx |V T3 ~ Tvx XV T dr (4.27)
where the last equality follows from ([£.2()) and we have defined
1 /2 3
y = 16, | R (4.28)
Multiply (f16) by v and use ({I9) to get:
F/l F/ IV (VIXI)/
—=—(l '+ = 4.2

which integrates to:

Vdetyi; = 6] (4.30)
using (:20) and where (3 is a positive constant (chosen to match with the minimal
limit [Iq]).

In order to make further progress it is now necessary to split the analysis into two
cases: Ag > 0 and Ay = 0.

4.1 Non-static near-horizon geometry

From lemma 1 we see that this case corresponds to Ag > 0. We also see that the constants
k' cannot both vanish; if they did, then dh = 0 and hence by lemma 1 A = 0, contradicting
Ag > 0. Assume that I' (and thus z) is not constant — we have already dealt with the T
constant case.

Eliminating B between equations ([.11)) and ([L13) leads to:

: 3A3TY
K k) = pi (4.31)
and since k' are constants one can integrate this to get:
. A2
k'k; = C°T — F—g (4.32)

]

where C' is a positive constant. Now, contract ([.16) with k'K’ and use ({.32) to get:

A2 021,/2
k-ZzZWV=Cc?r-—290 .~ | 4.
Now, eliminate k - Z! between equations ([.27) and ([£33) to get:
dy\*>  C? A?
ot — y=-——9 4.34
<d$> TEeY T ey (4.54)
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which integrates to
C2 9 AZ

where g is an integration constant. This implies:

2.2
2 = w (4.36)
T
where
C? SAY;
P(z) = H(x) @(95—060) ok (4.37)
Eliminate B between equations ({.11) and (f.5) to get:
1 1 1 I’
1 1.y -1
S P N . —dp| . 4.
Vi XT 3A*2( k) 3 k:—l—rdp (4.38)

Now we will use the GL(2, R) freedom associated with the z? coordinates to set k' = 1
and k? = 0. Note that equation ([£.39) implies:

A

Y1 = C*T — "

(4.39)

Plugging our expression for y back into (f:27) and then equating this to &’ times the i
component of (f.3§) gives the following ODE:

d (M2 Aof3? V 213 2 2 12 213 oy I dV
L2 o207 (90213 1 A2Z) - 2 (3 - A2)— 2
dl <m> [C2T3 — A2)2 652( G+ Ag) = 3C7ao © 0)652 dl’
(4.40)
where we have used ([£.20) and ({.30)). Thankfully this integrates in a similar way to the

minimal case to give:

2 _ Bof (ag —7) (4.41)

Y11 C2I% — A§
plus some integration constant which we may set to zero using some of the remaining
GL(2,R) freedom. We may use the remaining freedom to set 5 = 1. Now using (4.3Q)
allows us to deduce 722. Therefore we have completely determined the 2-metric v;; in
terms of x. It is thus convenient to use x, rather than p as the 3rd coordinate on H; vz
can be deduced from (f.3q). The full near-horizon geometry in the non-static case is now
determined. The final step is to determine the field strengths. From ({.4) and ([£3§) we
can deduce the components of FI on H:

1
o Flda e = d[HOXT (Aoda' + (v — ag)ds?) | (4.42)

The field strengths F! are then fully determined from the gauge potentials (B.19) upon
taking the near-horizon limit. We now summarise our results for the non-static case below:
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Summary of non-static near-horizon solutions.

(i) I T (and hence x) are not constant:

H (x)'/3da? _ Ao (o — @) ’
ageb — 2\ TG 2/3 (C2H(z) — A2 Ty 0~ da?
Yapdztdx 152D () + H(x) (C*H(x) o) (do + C?H(z) — A2 dx
4X2§2H(9€)l/3p(35) 22
d 4.4
T e —ag ) (449)
A, 5 e H@)
A= _ 20 -7 —H I3l - 27 4.44
Happ g Mo H@TTR gy .
X; = H(z) V3 (%x + K}) (4.45)
Al = X! {A <H_1/3rdv + dz1> +(x—a )d$2 (4.46)
H1/3 0 0 '

2
where H(z) = 23 + 3c17 + ¢ and P(x) = H(z) — % (z — ag)® — % and C, Ay
are positive constants, ag an arbitrary constant and ¢; = 2%0” KyviK K K, Co =
%CIJKK]KJKK where K are constants satisfying CHEV VK = 0.

(ii) If T is a constant, the scalars are a constant, A is a constant and the metric on H
must be one of: the homogeneous metrics on the group manifold Nil, SL(2, R) or
squashed S? depending on the value of A, see section B.3.]. The latter case arises as
the near-horizon limit of the asymptotically AdS black hole solutions found in [g], as
explained in section B.3.1.

The near-horizon geometry of the supersymmetric black holes of [[] is non-static with
non-constant I" and hence must be described by (i). We will prove this below.

4.2 Static near-horizon geometry

Lemma 1 tells us this corresponds to Ag = 0. We will now analyse the I' not constant
case, as we dealt with the I' constant case earlier. It is now possible to have k’ = 0. This
is dealt with in the appendix.

Thus, now assume that &’ are not both zero. Equation (f.11)) implies I'"'k; are con-
stants. Since k! are constants we can define a positive constant C' by C? = I' 'k;k?. Use
the GL(2, R) freedom to set k' =1 and k? = 0. Therefore ~;; and 712 are both a constant
times I" and hence we can use some of the remaining GL(2, R) freedom to set 712 = 0 and
therefore v11 = k'k; = C?I". We can now repeat some of the steps used in the non-static
case. Namely, contract (f.16) with k'k’ and use ([£39) to get:

02$,2
k-2 =0T - ——=. 4.47
Now, eliminate k - Z! between equations ([.27) and ([£47) to get:
dy 202
— ——y =0 4.48
<dw> TaeY (4.48)
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which integrates'® to

C2
2%
where g is an integration constant. This implies:

o AEP(@)

y= (x—ag)”. (4.49)

T (4.50)
where o2 ,
P(z) =H(x) — 157 (x —ap)”. (4.51)

Observe that all these equations can be obtained from the Ag — 0 limit of the corresponding
equations in the Ag > 0 case. We can now use (f.30) to deduce 722 and hence have fully
determined the near-horizon geometry in this case. It remains to deduce the Maxwell fields.
Observe that equation ([.13) implies that B x k and thus Zi1 x k;. Using the solution
for y and substituting into ([.27) implies that:

— amk;
zl — _@704))@ 4.52
and substituting this into ([£4) leads to the components of the Maxwell field on H:
1
ingdma Ada® = d[H (z) "2 X (z — ag)da?). (4.53)

Thus we see that the components of the field strengths on H can also be obtained as the

Ay — 0 limit of the non-static case. We now summarise the static-near horizon solutions:
Summary of static near-horizon solutions:

(i) If T is a constant, the scalars are constants. H is either locally isometric to R x H?
(A <0), R? (A =0)or RxS? (XA > 0); see section (B3.1)). The first is the near-horizon
limit of a supersymmetric black “string” [19].

(ii) T' (and hence ) are not constant and k% not both zero. This leads to a solution
which can be obtained by taking the Ag — 0 limit of (f.43), which amounts to simply
setting Ao = 0 in the solution (4.43).

(iii) T not constant, k' = 0. This case is analysed in the appendix, where the local form
of the solution is given. It contains a case with zero Maxwell fields and non-constant
scalars. In the case of zero Maxwell fields and constant scalars, H is locally isometric
to H? and the near-horizon solution locally to AdSs.

As discussed in section and below, the R x S? example in solution (i) above may
be compactified to describe the near horizon of a regular supersymmetric black ring. We
shall see that the solution (ii) also describes the near-horizon geometry of a supersymmetric
black ring but suffers from a conical singularity.

16This equation has another solution: y = 0. However, it can be shown this implies k& = 0, which is the
case we consider in the appendix.
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4.3 Global analysis

The preceding analysis has been entirely local. We are primarily interested in those so-
lutions that arise from the near-horizon limit of black holes, and hence we must restrict
attention to solutions for which H is compact. This turns out to be a strong constraint, as
a compact three-dimensional manifold with U(1) x U(1) isometry must be homeomorphic
to T3, 81 x §%, 83, or a lens space [R]].

Consider first the static near horizon solutions. The R x H? possibility in (i) is imme-
diately excluded since H? cannot be compactified without breaking the rotational symme-
tries. Furthermore, the subcase in (iii) which has zero Maxwell fields and constant scalars,
has H locally isometric to H?, and hence cannot be compactified without breaking the
rotational symmetries. For the non-static geometries, (ii) is ruled out apart from the case
where H is isometric to a homogeneously squashed S3. As we have already explained in
section B.3.1, this solution is the same as the near-horizon limit of the black holes of [J].

Consider now the geometries that are locally R? or R x S? in case (i) of the static
solutions. It is clear that we may compactify these to yield compact horizons with 7% and
S x §? geometry respectively. We emphasize that these cases only occur for particular
(constant) values of the scalars, and cannot exist in minimal gauged supergravity. Further
there are no known black hole solutions with such horizon geometries.

Finally, consider the remaining possibilities, all of which have x non-constant. We
first note that because 9/0x! is a linear combination of mq,ms, its norm, 711, is a scalar
invariant. By definition > 0 and further dx/dl’ > 0. Hence for all cases, 711 is a
monotonically increasing function of xz. Therefore x is uniquely determined in terms of
~v11 and is a globally defined function on H. Compactness of H then implies that = must
achieve a distinct minima and maxima on H. Hence the one-form dx must vanish at two
different positive values of x. Computing (dz)? for the near horizons with non-constant
x, we find this excludes case (iii) (see appendix), leaving (i) and (ii) of the non-static
and static solutions respectively as the only possibilities. We conclude any solution with
compact H and non-constant x must be given by ([43), whether non static (Ag > 0) or
static (Ag = 0).

For these solutions,

_ *P(2)
= = ,
so we must impose that P(z) be non-negative and have at least two distinct positive roots

(dz)? (4.54)

x1,xe with P(z) > 0 for 1 < x < zo. It is straightforward to see that this implies P(x)
must have another distinct positive root 3 such that x; < x9 < x3 (compactness excludes
x9 = x3). These conditions constrain the parameters of the solution. For example, the
positivity of the scalars X (.45) then tell us that K; > —Vjz;/§. Furthermore, note that
x is defined only up to a multiplicative constant. Hence, one of the parameters of ({.43)
may be removed by a suitable rescaling of z. Explicitly, for some constant Q > 0, ({.43) is
invariant under

r— Qx, ' - Q2! K; - QK;, C*—QC%* Ayg— Q®Ay, oy — Qag (4.55)

We now turn to a detailed analysis of these two cases.
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4.3.1 Ay =0: Unbalanced black ring
From ({.43) we can read off the metric on H:

H(z)'/3dx?

o AEXPP(x)
4E2x2P (x)

Yapdatdz® = + C%H ()3 (da")? + C2H ()2 (dz?)%. (4.56)
It is clear we must remove the conical singularities at * = x; and x = z9 at which the
Killing field 9/02? vanishes. If this were possible, by suitably fixing the period of 2, then
the metric (f.56) would describe a regular horizon with topology S* x S2, with S! and S?
parameterised by z! and (z,?) respectively, i.e. the horizon of a supersymmetric black
ring in AdSs5.

The condition for removing the conical singularities at x1, z9 in the compact 2-manifold

H(zy) _ (xg —w2>2‘ (4.57)

H(ml) r3 — I
The r.h.s. is obviously less than unity. But since H'(z) > 0 (which follows from the fact

dT'/dz > 0), H(z) is a monotonically increasing function of z and the Lh.s. of (4.57) is larger
than one. So, although H has S x S? topology, it necessarily has a conical singularity at

covered by (z,x?) is

one of the poles of the S2. If (f.56) represents the near horizon of a black ring, then that
black ring would be unbalanced, i.e. require external forces to prevent it from self-collapse.

Let us consider the full five-dimensional geometry further. If we define a new radial
coordinate R = H(m)_l/?’r, the spacetime metric is given by

H(x)Y3dz?  4%x*P(x)
42x2P(x)  C2H(x)2/3

ds® = H(x)'/? [—CQRdeQ +2dvdR + C? (da' + Rdu)ﬂ + (da?)?
(4.58)
The part of the metric in the square brackets is locally isometric to AdSs. Therefore the full
five dimensional metric is a warped product of AdS3 with a squashed S? with a singularity
at one of its poles. Note that in the limit of vanishing gauge coupling x — 0 this solution
reduces to AdSs x S?, the near-horizon geometry of an asymptotically flat supersymmetric
black ring [2]. This near-horizon geometry can be oxidised on S° to 10d, where it can be
made regular with a different topology. The horizon topology becomes S* x Mz, where My
is some complicated compact manifold (see appendix). The special case K; = 0 (which
is a solution to the minimal theory) lifts to the solution of [R9], which was shown to lead
to a discrete set of regular warped AdS3; geometries. In the appendix we outline how to
do this for the more general case. However, these regular solutions cannot be reduced to
5d and therefore do not have an interpretation in terms of 5d black holes. Indeed, an
interesting question is whether there exist 10d asymptotically AdSs x S° black holes whose
near-horizon geometry is given by these regular warped AdSs geometries.

4.3.2 Ay > 0: Topologically spherical black hole

The horizon metric is

H (z)Y3dx?

Tenp PO A @ +e@ds’f + B@@?)] (@59

'yabdx“dwb =
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where

2 2¢2 [ (1 x o —
A(z) = C? <P(:c)+4§T§2(x—ao)2> B(z) = e Z;))P( ) w(z) = 7A0(A(0m) )

(4.60)
Recall 1 < z < x9. Note that ;7 > 0 unless g = x; where ¢+ = 1,2. We will consider

g # x; now and deal with the degenerate cases ay = x; in the appendix — it turns out
they can be obtained as the ap — z; limits of the generic case. The 2-metric ~;; induced
on surfaces of constant x is non-degenerate everywhere except at the endpoints =z = x;,
where the Killing vectors w(z;)0y, — O, vanish. Using P(z;) = 0, we find
- 4X2£2
w(r;) = Coag — )

and thus w(z1) # w(zz). This implies that the Killing field which vanishes at = 1 is

(4.61)

distinct from the one which vanishes at x = x2. To avoid conical singularities these Killing
fields must generate rotational symmetries, i.e. have closed orbits. Accordingly, they must
be proportional to the m; and we write

0 0

for some constants d;. Define coordinates ¢; such that m; = 9/0¢; and ¢; ~ ¢; + 2mw. The
coordinate change from (x!,2?) to (¢1,¢2) is given by

2’ = —[w(z1)did1 + w(xa)dacs), 2? = dip1 + dagpo. (4.63)

Absence of conical singularities then fixes the constants d; up to a sign:

Azi)

=" 4.64
e o
Note that using P(z;) = 0 one can show that
C4 L 2
A(z;) = (i — a0)” (4.65)

Ax2¢?
The solution is now globally regular: H has S3 topology with m; vanishing at z; and
mo vanishing at xo. In the appendix we show that the coordinate change from (x!,2?) to
(¢1,¢2) is also valid in the special cases g = x; (although d; — 0 as oy — z;, djw(x;) is
non-zero in this limit). Therefore we need not treat this case separately anymore.

Relation to known black hole. Next we show that the near-horizon limit of the black
holes of [] are in fact isometric to the non-static solution we have derived in this pa-
per (J1.59). Observe that one can deduce the near-horizon limit of the black hole in
from section 2.7 of that paper. The near-horizon geometry we derived is parameterised by
(CZ,QO,AO,KI) with one constraint C'/5V; Vi K; = 0. We can rewrite this solution in
terms of the parameters (z1, z2, z3, K7) which are related by

T1T2 + x173 + X273 — 3C1

C? = 4¢*(x1 + z9 + x3), = , 4.66
gl tota),  a 2(z1 + 7 + 3) (4.66)

2 2 C4 2
AO = C ($1$2(E3 + 02) — @CMO. (467)
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Note that the roots x; are not arbitrary positive real numbers such that =1 < z9 < x3:
they are further constrained by AZ > 0. Now, the scale transformation ([.53) can be used
to ensure that g(z3 —z1)/Ap < 1. Use the remaining scale transformations on = (i.e. ones
with > 1) to fix:

Ago(xl + g +a3) = (1 + \/1 = Aio(xs —x2) + \/1 - Aio(ws —961))2 (4.68)

where the factors under the square roots are positive as a consequence of the ordering of

the roots and g(zs — x1)/A¢ < 1. This allows one to define two positive constants a, b by:

g(r3 —21)
Ay

T3 —
Eazl—azgzzig( 2 2), Sy=1-0b%¢g% =

. (4.69)

s0 0 <b<a< gt Theequations ([.6§) and (f=69) can be inverted:

27" 27“,2” A 2 27“,2”
1 = g <b2 3 ) , 9 = gAg <a2 + T) , T3 = gO < g3 ) (4.70)

where 72, = g71(a + b) + ab > 0. Also define constant e;:
27“7271 K]
S Y 471
er 3 T 70 (4.71)

and observe that the constraint on the K translates to 3X’e; = 2r2, (as in []). Equa-

tion ([.71) implies:

2A2 Arp, 22 1675
c1 = <ﬂ - —> ; e = g* A} <ﬂ3 - %@ + 27’”) (4.72)
where (o = %CIJKX[GJGK and 3 = %CIJKGICJGK. Substituting equations (§.70)

and ([72) into ({.66) and (f.67) allows one to solve for Ag:

1
Ay = (4.73)
2':w:b\/_
where
1
0 = m[‘lgz(l +ag +bg)*Bs — ' B3 + 29°(9°a°b” + a® + b7) s
— ¢*(g*a®V? — 2gab® — 2ga®b + (a — b)?)ri ] (4.74)

is the same & appearing in [[f]; note § > 0 is equivalent to AZ > 0. Thus we have determined
A in terms of a,b,e;. This proves (looking at ([.7(0)) that the parameters x1, 2,23, K1
can be written uniquely in terms of a, b, ey (this was not obvious as we defined a, b, e; as
functions of x1,x9,x3, K1). Now define a new coordinate 6 by

Tr9 — T

sin ) =

(4.75)

T2 — I
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so the range 0 < § < /2 covers the entire range of z. The endpoints = = x1, x5 correspond
to 0 = /2,0 respectively. This can be inverted:

) 2
x =z sin?0 + x5 cos? 0 = gAg (p(9)2 + %) (4.76)

where p(6) = a? cos? 6 + b%sin? § and the second equality follows from (7(). This implies
P(x) = Adg(a® — b*)*Agsin® § cos® 6, H(z) = > AYF(p?) (4.77)
where Ag = 1 — ¢?p(0)? and F(p?) = pb + 22, p* + B2p? + B3. This leads to

de*  H(z)Y3dax?
F(p)\/P— = 4.78
AP = T (479)
Note that this verifies that the 60 component of the near-horizon limit of the black hole
in [@] is equal to the za component of our non-static near-horizon metric. For completeness,
we give the expressions for d; and w(x;):
2202 4 Ag2b22 20202 412 — a2 + o2

g = 209 T g7, A 97" +b7 —a +9° 062 (4.79)

295, (a? — b?)

2ag% + 4g%a®r?, + g?b?a® — b? + a® + %3

= 4.
d 2924 (a2 — b?) (4.80)
1
= — 4.81
w(@) 29A3(4920%r2, 4 2b% g2 + g*b%a® + b? — a® + ¢?(32)(1 + ag + bg)? (4.81)
1
w(za) = (4.82)

2903 (4g%a%r2, + 2g%at + g?0%a2 + a® — b2 + g202)(1 + ag + bg)?’

We have checked explicitly that our non-static near horizon solution (.59 written in terms
of the coordinates (6, ¢1, ¢2) and the parameters (er,a,b) is exactly the same as the near
horizon limit of the solutions [] in their (6,4, ¢) notation, provided we identify ¢ = 1

and ¢ = ¢.

5. Discussion

In this work, we have derived the most general near horizon geometry of a regular, super-
symmetric asymptotically AdSs black hole solution of U(1)? gauged supergravity with two
rotational symmetries. We emphasize that all known five dimensional black hole solutions,
including black rings, have two rotational symmetries. It has been suggested that station-
ary black holes with only one rotational symmetry could exist [[4], essentially because the
higher dimensional analogue of the rigidity theorem only guarantees this [B(]. However,
in this work we are interested in supersymmetric black holes.!” In five dimensional un-
gauged supergravity the analysis is much simpler and one can in fact solve the near-horizon
equations generally. It turns out that in that theory a supersymmetric near-horizon geom-
etry must possess two rotational symmetries after all (in fact it must be a homogeneous

space) (L4, [§].

7The rigidity theorem @] is only valid for non-extremal black holes.
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The near-horizon geometries we derived all possess enhanced symmetry SO(2,1) x
U(1)? and are 1/2 BPS (from the point of view of minimal supergravity). The bosonic
part of this is guaranteed on general grounds from [[[] (in fact it follows from extremality
rather than supersymmetry). However the supersymmetry of these backgrounds is also
enhanced. We expect this to also hold on general grounds, although no proof of this has
been given. A recent classification of 1/2 BPS geometries [BI] revealed that only one U(1)
spatial isometry is guaranteed. Therefore the validity of our assumption of two rotational
symmetries is still unclear.'® It would be nice to lift this assumption from our analysis.

Our results, summarized in section 2, imply that the most general near horizon ge-
ometry of a topologically spherical black hole, with two rotational symmetries, is given
by the near horizon geometry of the four-parameter black hole solutions of [[f]. Therefore,
any other topologically spherical supersymmetric black hole must either have fewer than
two rotational symmetries, or have the same near horizon geometry (and hence the same
horizon geometry) as the solution of [H]l. Note that as the gauge coupling is turned off
the black hole solution [[] reduces'® to the BMPV black hole, which also depends on four
parameters and has a topologically spherical horizon.

In contrast with the corresponding analysis in minimal gauged supergravity [L0], we
have been unable to rule out the existence of black holes with 7 or S! x §? horizons; these
must have near-horizon geometries AdSs x T? and AdSz x S? respectively. These solutions,
which have no analogue in the minimal theory, have constant scalars and can only occur
in regions of this moduli space satisfying A(X*!, X2, X3) > 0 where ) is given in (£.5).

An interesting question is whether a supersymmetric AdSs black ring actually exists
in this theory. If there is such a solution, and it possesses two rotational symmetries, we
have shown that it must have the near-horizon geometry AdS3 x S? (given by (R.1()), as
discussed above. This solution is not generic in the sense that the constant scalars must
take values such that A > 0, which in particular excludes any such solutions from having
equal charges (i.e. occuring in minimal gauged supergravity). As noted in section 2, it is a
three parameter solution. It can be parameterised by (L, ¢’) where L is the radius of the
S1 on the horizon and ¢ are the dipole charges defined by

1

1 1

= . 5.1
1 471'/52 (5.1)

For our near-horizon solution (R.1() it turns out that

3 s 1
> g == (5.2)

I=1

In contrast, the near horizon geometry of the analogous supersymmetric black ring of
ungauged U(1)? supergravity, which can also be parameterised by an analogous set (L, ¢7),
has unconstrained dipoles and therefore four independent parameters. The radius of the

18Note that solutions to gauged supergravity with only one spatial U(1) symmetry have been found

in [@]

19To see this one must rescale the parameters of the black hole in an appropriate manner.
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5% in (B10) is (9v/A)~! and can be made small compared to the AdS radius g~' (as A
can be large compared to 1). However, as one turns off the gauge coupling (and hence
sends the AdS radius to infinity) its size will diverge. This assumes that one does not
rescale the scalars (and hence gauge fields) by factors of g; indeed, when taking such
“flat space” limits, usually one only considers possible rescalings of the parameters and
coordinates of the solution and not the fields (e.g. as for the spherical black hole discussed
above). Therefore, for these reasons, we conclude that if (P.10) is indeed the near horizon
of a supersymmetric black ring in AdSs, it would not reduce (as one turns off the gauge
coupling ¢g) to the analogous solution in the ungauged theory.

Moreover, as in the minimal case [[J], we found a near horizon geometry that is a
warped product of AdS3 with a squashed S? that suffers from a conical singularity at
one of its poles. Unlike the above case, in the limit ¢ — 0, it does reduce to AdSs X
52, the near horizon of an asymptotically flat black ring. Therefore it seems natural
to consider this as the generalisation of the near-horizon geometry of the black ring of
ungauged supergravity, despite it being singular. This four-parameter solution could arise
as the near horizon of a supersymmetric unbalanced black ring. If so this would mean that
rotation and electromagnetic forces are not sufficient to counteract the gravitational self-
attraction while simultaneously satisfying the BPS equality. However, this suggests that
by increasing the angular momenta in such a way as to break the BPS condition, one might
be able to balance this configuration and construct a non-supersymmetric black ring.
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A. Agp=0and k=0

Here we deal with a special case Ag = 0 = k'. Equation ([EI5) becomes:

IV/ F/Z F/(‘/[XI), 9 I
S X Al
o T Xt 6x“(ViX") (A1)

and therefore we see that I' cannot be a constant. Therefore we may use I' as a coordinate

and write (A.1)) as:

d Ir?
= ——— 13 = A2
dr <4X2(V1X1)2 > ’ (42)
and integrate to get
2 I\2

where Q(I') = I' — I'} and Ty is a real integration constant. Integrating ({.14) we find

Vi x!
B = Ié‘rw

(A4)
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where w; are constants (possibly zero). Since Z! has unit norm, we must have

) 4 2 2F3
wiw' = XS 2o &1o (A.5)
Tr
and thus w; = 0 if and only if Iy = 0. Now, equation (}£.16) simplifies to
I’ , I 2r} 3V x!
LV, XIT i = xViX (1 t s )i D2 (A.6)

Now we can perform a GL(2, R) transformation on the coordinates z* to set wo = 0 (this
is of course trivial if w; = 0). This equation then simplifies to:
QT 2

d—rlog’m “om T (A7)

and thus 12 and 799 are the same function up to a multiplicative constant. Hence we
can use more of the GL(2, R) freedom to set v12 = 0 and solve for 792 = Q(I')/T'2. Now
multiplying (A.4) by 7 gives:

d ! Q) 1

T 087 = oM T (A.8)

and hence v = C2Q(T")/T for some constant C' > 0. Thus we have determined the local
form of the metric; converting to the x coordinate introduced in the main text gives:
H(z)Y3da?
A*€2Q(x)
where Q(z) = H(z) — T3.

As discussed in the main text, for a compact horizon the one-form dx must vanish at

+ C?H ()3 (da)? + M(dﬁ)? (A.9)

2 _
d$3 = H(x)2/3

two distinct points (if  is non-constant which is the case here). However, we have

A*EQ(2)
and hence dx can vanish at most at one point (for I'g > 0 this point is defined by I' = T'y; for
Iy = 0 there is no such point). Therefore ([A.9) cannot correspond to a compact horizon.
If K7 =0 (in which case the scalars are constants) and w; = 0 (in which case the Maxwell
fields vanish) the horizon metric is locally isometric to hyperbolic space H?, and the full

near horizon geometry is then locally AdSs.

B. The cases a9 = x;

Here we perform a global analysis of the cases Ag > 0 and a9 = x;. Consider the horizon
metric (.59). For clarity first consider oy = 1. Note that in this case A(z) vanishes at
and is positive otherwise, and B(x) vanishes only at z9 and is positive otherwise. It follows
that the 2-metric «;; induced on surfaces of constant x is non-degenerate everywhere on
the interval 1 < x < x4 except at x = x1, where the Killing field 8/83:1 vanishes, and at
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T = xo, where the Killing field w(x2)0/0x' — 0/0x? vanishes. Hence these Killing fields
describe rotational symmetries and must have closed orbits. Accordingly they must be
proportional to the m; and we may write

0 0 0
mi = Clw, mo = —d2 ((,U(,Il)w — @) (Bl)

where ¢1,ds chosen so that m; = 0/0¢; and ¢ ~ ¢ + 2m. Removing the conical singularity
at © = x1 we find

2
A= L. (B.2)
Y2E2C H (21)2
Removing the conical singularity at © = zo gives
04 o 2
B Sl ) (B.3)

16086 P/ (x9)?
The horizon metric is now globally regular and has S topology with m; vanishing at

the pole z = z; and msy vanishing at the other pole x = xz3. The coordinate change
(z',2%) — (¢1, ¢2), given by
o' =g — daw(wa)da 2% = daghy, (B.4)

may be obtained from ([.63) by taking the limit oy — 1.
Note that the cg = x5 case is analogous and can also be made globally regular resulting
in S2 topology. One finds m; vanishes at x = 2; where now:

my = —d; <w(x1)% — %) , mo = 02% (B.5)
and . ) )
2 _ C (22 — 1) 7 A= Ap (B.6)
16X6§6P’(a€1)2 X2§204H’(x2)2
and
o' = —diw(x1) + preacha, 2 = crho (B.7)

which can be obtained from the ap — 21 limit of ([.63).

C. 10d near-horizon geometries

The 5d near-horizon geometries we have derived in U(1)® gauged supergravity can all be

lifted to solution of type IIB supergrawty using [] :20
ds?y = WY2ds: + W~ 1/22 (XD Ydp? + p3(dpr + gAT)?, (C.1)
I=1
3 1 3
Fy = (1 + *10) (29 Z((XI)ZM% — WXI)€5 — % Z(XI)—l *5 ax!ia d,Ua%

I=1 I=1
1 3

—2 Z XN72dp? A (dor + gAT) A *5FI> (C.2)

20Note that the X; of @] are equal to our X'; the field strengths of @] F* are the same as ours F'.
Indeed the action @) agrees with the one they give in [@] with the field identifications just described.
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where W = Z?Zl p2 Xt >0, and py,¢r are coordinates on S° such that Z?Zl p2 =1
It can occur that certain singular 5d solutions can actually be made regular when

oxidised to 10d. This is indeed the case for the static near-horizon solution which we
found (£5§). The 10d lift of this is

ds?y = WY2HY3[ds?(AdSs) + ds?(My)], (C.3)
dz? 49 P(x)

200 = 22
ds"(M1) = 1op) + T @) ()
1 ’ g(z — ap) 2
b K 2. 2 g\ = o) , 2 4
T ;(wr?) 1) |dp? + p? <d<p1+ —T dx>] (C.4)

where the AdSs satisfies R,5 = —(C?/2)gap. This solution was also encountered in [R7| and
studied in the context of warped AdS3 geometries. We should emphasise that any warped
AdS3 geometry, where the internal space is compact, can be thought of as a near-horizon
geometry as can be seen by writing AdSs as in ({.5§). Therefore we will now perform
a global analysis of the above solution under the assumption that M7 is compact. The
resulting horizon is this case will be topologically S x M. Much of the analysis parallels
that in [P§. The metric on M7 has a local U(1)* isometry. We will demand that My is
a compact manifold, and thus since we require the metric on M7 to be globally regular
we must have a global U(1)* symmetry. Examining scalar invariants constructed from the
global U(1)* symmetry generators implies x is a globally defined function on My. Therefore
as in 5d we must take x1 < x < x5 with 0 < 21 < 29 < x3 roots of P(z). This metric on
constant x slices is positive definite everywhere except at the points = 1,22 or uy =0
where it degenerates. The latter points are where 0/0¢; vanish (as usual for an S%) and
the corresponding conical singularities can be removed by identifying ¢y ~ @5 + 27 as
usual. Note that p; are globally defined functions since they are the norms of the globally
defined 9/0p; Killing vectors. The points © = x1,z9 were also degenerate points in 5d.
However the Killing vector which vanishes at these points in 10d is modified: instead

3
ki [ O Z 1 0
Vi= 2g (8352 ~9(@i = ao) x; + 3K 3@1) (©5)

I=1

vanishes at = x; where ¢ = 1,2, where k; are constants. We see that these two Killing
vectors are distinct: this is qualitatively different to what happens in 5d where it was
the same Killing vector that vanished at these two points (9/0x2). In order to obtain a
smooth metric these must generate rotational symmetries and thus near x = x; one can
introduce coordinates x; ~ x; + 27 such that V; = 9/9x;. This is equivalent to removing
the conical singularities at = x; and will fix the constants k;. For clarity we also introduce
new coordinates ®; ~ ®; 4 27 such that 9/0®; = 9/9p;. The corresponding coordinate
transformation appropriate to the degeneration points z = x; are (xQ, ¢r) — (xi, ®r) and

defined by:
k‘
2 {J 1
QgX Y1 = Cix (C.6)
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where
1 (xi—ao)k;

T (i 3K;) (C.7)

The absence of conical singularities at # = w; determines k? and thus k; up to a sign.
Without loss of generality we choose signs such that

02 (.%'Z — Oé())
Note that k; and C/ are non vanishing since H(x;) > 0. One can verify that:
3
ZCZ-I =14k (C.9)
=1

Since the five Killing vectors V;,d/0pr span a four dimensional vector space with basis
0/0x%,0/0p; they must be linearly dependent. In order to avoid identifying arbitrarily
close points the dependency must take the form:

2 3 P
niVi-i- mi;— =0 C.10
ZZ:; ; 901 (C.10)

for integers n;, my which we may assume to be coprime. It is easy to see that any subset of
four of these five integers must also be coprime. Therefore we must consider the constraint
on the parameters of the solution imposed by (C.10); this is:

2 2
kai = 0, my = Z CZITLZ (C.ll)
i=1 1=1

Note that (C.9) then implies

3
Zm[ =ny + no, (C.12)
I=1

which allows us to write m3 in terms of the four other integers. Therefore in order to
obtain a smooth metric in 10d, the parameters of the solution (C?, ag, K;) need to be
chosen such that ([C.11) is satisfied. In principle one can invert these relations to obtain a
metric parameterised by four integers n1, ng, mq, ms. In general, however, it seems possible
only to find expressions in terms of these integers implicitly.

A special case in which it is straightforward to give explicit formulas for these inver-
sions, is K; = 0 for I = 1,2, 3 which corresponds to the AdS3 geometry of [2g]. In this case
we have 3m = ny + no. For simplicity we use the scaling symmetry to set C' = 2¢ and thus
P(z) = 2® — (z — ap)?. In [[Id] it was shown that the existence of three positive distinct
roots of P is equivalent to 0 < ap < 4/27 and that we may introduce the parameter b,
which must satisfy 0 < b < 1, such that

41— b?)? ~ap(b? +3) _ ao(b® +3) ~ap(b? +3)

= 7 = = . 1
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Therefore: (b2 ) 2
2(6°+ 3 +3
kil = — -t ko= ——« . C.14
YT b+3)(b-3) 7 T b(b+3) (C-14)
The condition n1k1 + noks = 0 can then be solved to give:

3712

b= (C.15)

no — 2711 '

This implies

(2n2 — n1)2(n2 — 2n1)2(n1 + n2)2

27(n? + n2 — nany)3

The fact that 0 < b < 1 is equivalent to either: (i) n1 +ng > 0 and ny > 0,19 < 0, or (ii)

ny+mng < 0 and n; < 0,ny > 0. For case (i) observe that defining ¢ = (n; +n2)/3 = m and

p = —ng gives the positive integers p, ¢ of R9]. For case (ii) ¢ = (n1 +n2)/3 and p = —n;.
We now turn to the five-form and examine its regularity in the general case. We

g =

(C.16)

must prove this is regular everywhere on M7 and thus globally defined. Observe that
dx A dx? is a globally defined non-vanishing 2-form, since near the degeneration points
x = x0,r; this is proportional to the volume form of the associated local R?. Therefore
es = H/3C ~1vol(AdS3) Adx Adx? is also globally defined, which takes care of the first term
in (C.9). The second term in (C.J) contains x5dX’ and thus we need to consider xsdz.
One finds that xzdz = 4g°C 1 P(z)dz? A vol(AdSs) is also globally defined, since P(z)dz?
is regular at the degeneration points x = xg,z; (as can be seen in Cartesian coordinates on
the associated R?). For the final term in ([C.3) we need to compute x5 F?; this is globally
defined since it looks like f(x)vol(AdSs) for some regular function f(z). Also note that as
T — X4

k;
dor 4+ gAl ~ dd; + 5 (x — x;)dx; (C.17)

and therefore, since (x — x;)dx; is regular at = ;, we see that du? A (dp; + gA!) must be
globally defined. This completes the proof that F5 is regular everywhere on M7 and thus
globally defined.

Note that in order to ensure this is a good solution of string theory one must also
show that the five form is appropriately quantized. We will not consider this here, as we
are only concerned with proving existence of regular near-horizon geometries. As in the
K = 0 case [R9), however, we do not anticipate this will lead to further constraints on the
integers ni,ng, M1, Ma.
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